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LIMIT THEOREMS FOR 
B-LATTICE VALUED RANDOM VARIABLES 
MARTA URBANÍKOVÁ 
(Communicated by Miloslav Duchoň) 
A B S T R A C T . Results on the convergence of weighted sums of sequences of read 
random variables are extended to Banach lattices. A general result on almost sure 
convergence to 0 with respect to the order is proved, from which many known 
results follow as special cases. 
1. Introduction 
Vector-lattice valued functions have been studied by C r i s t e s c u [2], K a n -
t o r o v i t c h [3] and others. The original assumption of the regularity of a vec­
tor lattice under investigation has been removed by P o t o c k y [9]. (See also 
K e l e m e n o v a [4].) It turns out that instead of regular lattices spaces the so-
called a-property can be considered to obtain a fruitful theory. The definition of 
the expected value and higher-order moments for vector-lattice valued random 
variables can be found, e.g. in [9] and [11]. 
DEFINITION 1.1. Let (fl,S,P) be a probability space, E a vector lattice. A 
sequence {Xn} of functions from Q to E converges to a function X: £1 -» E 
almost uniformly (with respect to (r) -convergence) if for every e > 0 there 
exist a set A G S such that P(A) < e, a sequence {an} of positive real numbers 
converging to zero and an element r G E such that |Arn(a;) — X(u)\ ^ anr for 
each u G $1 — A. 
DEFINITION 1.2. A function X: fi —•> E is called a random variable if there 
exists a sequence {Xn} of measurable 2?-valued functions with countable range 
such that {Xn} converges to X almost uniformly. 
2000 M a t h e m a t i c s S u b j e c t C l a s s i f i c a t i o n : Pr imary 60F05; Secondary 06B35. 
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DEFINITION 1.3. A vector lattice E is said to be a-complete if every non­
empty at most countable subset of E which is bounded from above has a supre-
mum. 
DEFINITION 1.4. A vector lattice E is said to have the a-property if for every 
sequence {en} of elements from E there exist u G E, u > 0, and a sequence 
{Kn} of positive real numbers such that \en\ ^ Knu for all n G N. 
DEFINITION 1.5. A vector lattice with a monotone norm which is complete 
with respect to this norm is called Banach lattice. 
PROPOSITION 1.1. Let E be a Banach lattice. Then each random variable is 
a measurable map from Q to E. 
P r o o f . See [7]. • 
2. Convergence of weighted sums 
of random variables in Banach lattices 
A strong law of large numbers for independent and identically distributed 
random variables with values in a vector lattice has been given by P o t o c k y 
[8]. In what follows we omit both of the above assumptions. As a result we 
establish a limit theorem for weighted sums of Banach lattice-valued random 
variables for which no assumptions on mutual relationships are made. 
DEFINITION 2.1 . A sequence {Xn} of random variables satisfies the strong 
law of large numbers if there exists an element a G E+ such that for every e > 0 
i ř ад - ì ž EX, 
i=l i=l 
ă м } ) -
PROPOSITION 2.1 . ( P o t o c k y [8]) Let E be a a-complete vector lattice 
with the a -property equipped with a complete compatible metrizable locally solid 
linear topology. If fn are independent, identically distributed, symmetric random 
variables in E, then the condition 
3(aeE+)lj2P{": | / i M | ^ n a } c < o o j 
is necessary and sufficient for {fn} to satisfy the strong law of large numbers. 
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PROPOSITION 2.2. ( L o e v e [5]) Let Xn and X be real-valued random vari-
ables. If P(\Xn\ = x)= P(\X\ = x) for every x, where E\X\
r < oo, 0 < r < 1, 
then 
T Ã E ^ - * 0 , , .4. , „ a.s.. 
PROPOSITION 2 .3 . ( W a n g & B h a s k a r a R a o [13]) Let Xn, n = 1, be 
a sequence of real-valued random variables. If for every n, E\Xn\
r < oo for 
some r > 0, then there exists a nonnegative random variable X on Q such that 
EXS < oo for every 0 < s < r, and Xn, n = 1, is stochastically dominated by 
X, i.e. P(\Xn\ = \)= P(\X\ = A) for each n = l and each A = 0. 
THEOREM 2 . 1 . Let {Xn} be a sequence of random variables taking values in a 




fc = l 
for some r=^l,a>0,a£E and M > 0, M G R. Let p > r and q > 1 
satisfy 1/p-f- 1/q = 1. Let {ank}, l ^ k = n,n^l,bea double sequence of 
real numbers satisfying 
i t ^ E K J ' « 3 0 ' 
k=l 
Then 
^ Ê a n A ^ ° 
k=l 
for every s, 0 < s < r, almost surely in ft relatively uniformly. 
P r o o f . For each n let {Xn} be a sequence of measurable E-valued func-
tions with countable range converging almost uniformly to Xn. Then there exists 
a set Q0 of probability 1 such that {Xn} converge (pointwise) relatively uni-
formly on this set for each n. Consider now all Xn as functions defined on this 





which holds for each natural number n and each natural number k and from the 
assumption that E has a -property we obtain that all values of Xn belong to 
the principal ideal of E generated by a single element, say ix, u ^ a, u G E. Let 
us denote this ideal by Iu. Since E is a cr-complete vector lattice, Iu equipped 
with the order-unit norm, i.e. the norm induced by ix, is a Banach space. It will 
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be denoted (Iu, || \\u). In such a lattice the norm-convergence and the relatively 
uniform convergence are equivalent (see [10; p. 102]). 
Let us denote the set of all values which the above mentioned variables Xnk, 
n , i e N , take on by {yn}n^=1 and put y0 = u. Consider the countable set F of 
all linear combinations of the elements yn with the rational coefficients. The set 
B= f| \J{xeIu: |*-7 | = ™}, 
rGQ+7€P 
where Q+ stands for the set of all positive rationals, is a linear subspace of Iu. 
It is obvious that all Xn take on only values in B. Equipped with the order-unit 
norm inherited from Iu, B becomes a separable Banach space. Indeed for each 
x € B and e > 0 there exists an element 7 £ T such that \\x - i\\u < e. The 
completeness follows from the fact that B is closed in (Jtt, || | | u ) . From now on 
this space will be denoted by (i?, || | |M). 
It follows from the assumption that 
£||;Ur ^ 1 + 2vfv- Jp(pyi > *) 
k=l 
00 
=l + rr 5Z kr~lp(\xn\ = kuY 
k=l 
00 
^ 1 + 2pr JV^Pf l -YJ ^ ka)c ^ M 
k=l 
for each n and some r = 1. Using Proposition 2.3 we have that there exists 
a nonnegative real-valued random variable X on Q such that EXS < 00 for 
every 0 < s <r and {||-Yn||}, n ^ 1, is stochastically dominated by X. 
By Holder's inequality, for every n ^ 1 
7̂7 X > 
k=i 
fчi* f c нЛ
1 / p 
.Z_v r,p/.s I 
fc=i
 n ' 
We note that 0 < s/p < 1 and {||-YJ|P} is stochastically dominated by Xp 
with E(Xp)8'p < 00. By Proposition 2.2, 
1 n 
J ^ ^ ^ X ) . I ^ J P = 0 with probability 1. 
k=i 
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Since 
n 
nlim supJ^ |a n i f c |«<oo, 
k=i 
it follows that 
i n 
ñU7 2Za nk^k -+0 
k=l 
with probability 1 with respect the order-unit norm and consequently 
1 n 
k=i 
almost surely in fl relatively uniformly. • 
The above result extends the result of P a d g e t t and T a y l o r [6; Theo-
rem 3] to vector lattice-valued random variables. They assume that Xn, n ^ 1, 
is independently identically distributed with EXX = 0. We underline that no 
assumptions on Xn are needed. 
COROLLARY 2.1. Let {Xn} be a sequence of random variables taking values 




for some a > 0, a £ E and M > 0. Let [ank], 1 ^ k ^ n, n ^ 1, be a double 
sequence of real numbers satisfying 
n 




n Л -> o 
k=l 
almost surely in fi relatively uniformly for every 0 < s < 1. 
The following result was established by P a d g e t t and T a y l o r [6; The­
orem 5] for Banach space valued random variables under the additional assump­
tions that Xn, n ^ 1, are independent, EXn exists and equals zero for every 
n ^ 1 and /? > a. 
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COROLLARY 2.2. Let {Xn} be a sequence of random variables in a a -complete 





for some a e E, a > 0 and M G l , M > 0. Let {ank}, l r _ / j _ n , n _ l , b e 
a double sequence of real numbers such that for a > 0 and (3 > 1 
(i) \ank\ = Cxn-
a for all l = k = n andn=l, 
n 
(ii) ~2 \ank\ ^ C2n
a~P for every n _ 1 
k=i 
for some positive constants Cx and C2 . 
Then 
_ > n A ^ 0 
k=l 
relatively uniformly. 
P r o o f . By virtue of Proposition 2.3, there exists a real-valued random 
variable X such that {||-YJ|} is stochastically dominated by X and EXr < oo 
for 0 _ r < 2 since Vn G N we have 
oo 
E\\Xn\f 1 1 + 8 ~l
 kH\XJ ^ kaY < °° • 
k=l 
Choose p > 0 and 1 < r < 2 satisfying r < P < 2 and 
E.-JL^. 
r p - 1 
If ^ > 0 satisfies 1/p + 1/qr = 1, then q > 2. From this it follows that - a q + 
2a < 0 and q/r = J • ^ - < /?. Finally choose s such that 0 < s < r and 
q/s - P < 0. For all n and A; put bnk = a^
1^ • We have 
* = 1 




oo oo r 
Since £ fcr-1E(l*J == fc«)C = E fcP(l*J ^ *°) = M ' U foll°ws from 
fe=i fc=i 
Theorem 2.1 that n 
V"1/sD„A = t f l A 4 0 
k=l ^ 1 
almost surely in Q relatively uniformly. n 
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COROLLARY 2.3 . Let {Xn} be a sequence of random variables taking values 




for some aE E, a > 0 and M G R, M > 0. Let {ank}, l = k = n, n = l, be 
a double sequence of real-valued random variables satisfying 
p ( „ ^ s u p -Ca"*= c < ° ° ) = l • 
Then for every 0 < r < 2 
relatively uniformly. 
P r o o f . Fix arbitrarily 0 < r < 2. Similarly as in the proof of Theo-
rem 2.1 we obtain that {-X"n} is a sequence of random elements in a separable 
Banach space with an order unit norm. Prom the assumptions it follows that 
F?||A\J|2 < °° f° r every n . Consequently, by Proposition 2.3, there exists a 
nonnegative real-valued random variable X , such that {||-YJ|} is stochastically 
dominated by X and EXr < co for 0 < r < 2. Then the proof of Theorem 2.1 
can be adapted taking p = q = 2. • 
C h o w and L a i [1; p. 823] have established the above result under stronger 
conditions. They assume that {Xn} is a sequence of independently identically 
distributed real-valued random variables with _?|X1 |
r < oo for some 1 = r = 2. 
COROLLARY 2.4. Let {Xn} be a sequence of random variables taking values 
in a a-complete Banach lattice E with the a-property. Let X be a random 
variable in E such that for every n and k 
oo 
P(\Xn\ = ka) = P(\X\ = ka) and J2n
r'lP(\X\ = na)
c < oo 
n=l 
for some r , l < r ^ 2 , a> 0, a G E. 
Let {ank} , l ^ k ^ n , n = l,bea double sequence of real numbers satisfying 
max \ank\=0(n~
a) as n -> oo 
l = k = n 
for some 0 < ^ < r — 1. Then 
n 




P r o o f . Put bnk = ankn
l's for each 1 _ A; ^ n and n ^ 1 where s is 
chosen in such a way that 0 < s < r. Then 
k=l ~ — k=l 
= Bn~
2an2's • n = Bn~
2'^-^n • n2's = B 
if s is chosen in such a way that 1 + j — ^ y = 0 (such a choice is possible) for 
1 < r < 2 and for some positive constant B. 
Consequently 
lim s u p ^ í ^ o o . 
k = l 
OO c 
Owing to the assumptions we have ][] .fcr~1P(|Arn| _ na) < M for each n G N. 
*= i 
Applying Theorem 2.1 we obtain 
.. n n 
rrjT _Z 6n*xk = _Z °nkXk " ^ ° 
k=l k=l 
relatively uniformly. If r = 2, choose p and g such that p > r = 2, 1/p+l/q = 1 
and 1 < # < 2. Finally we take an s, 1 < s < 2 and g/s < 1. Then we have 
* = i 1 = ' c = n fc=1 
= Bn
q's'aq ^ Bnq's"1 
from which it follows that 
n 
nlim s u p £ | 6 n f c | * < o o . 
k=\ 
Applying Theorem 2.1 once more yields the required result. D 
The above Corollary extends the result of T a y l o r [12; Theorem 5.3.1], 
in which, however, the following assumptions are necessary: E is a separa-
ble normed linear space which is Beck-Convex, Xn, n ^ 1, are independent, 
EXn = 0 for all n _ 1, sup_^||K"n||
r < oo for some r > 1, ank are nonnegative 
n§l 
with sums over k less than or equal to unity for all n ^ 1 and 
,fc=i 
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3. Conclusions 
In the last thirty years many authors have devoted their attention to the 
convergence of weighted sums of random variables in one or another sense. While 
a number of interesting results has been produced for the norm topology, the 
theory is much less developed for the weak topology and almost completely 
neglected is the convergence with the respect to the order. It is the reason why 
we have studied convergence of weighted sums of random variables in Banach 
lattices. It is interesting that in many spaces the order convergence is stronger 
than the topological one. From Theorem 2.1 many results in the literature follow 
as special cases under much less restrictive conditions. 
R E F E R E N C E S 
[1] CHOW, Y . S.—LAI, T. L .: Limiting behavior of weighted sums of independent random 
variables, Ann. Probab. 1 (1973), 810-824. 
[2] CRISTESCU, R.: Sur la representation intigrale de certains operateurs lineeires, Rev. 
Roumaine Math. Pures Appl. 25 (1980), 519-524. 
[3] K A N T O R O V I T C H , V. L.—VULICH, B . Z .—PINSKER, A. G .: FunkcionaVnyj analiz v 
poluuporiadochennych prostranstvakh, Gos. izd. techn. lit., Moskva, 1950. (Russian) 
[4] KELEMENOVA, M. : On the expected value of vector lattice-valued random variables, 
Acta Math . Univ. Comenian. 5 6 - 5 7 (1988), 153-157. 
[5] LOEVE, M . : Probability Theory (3rd ed.), Van Nostrand, London, 1963. 
[6] P A D G E T T , W. J .—TAYLOR, R. L.: Almost sure convergence of weighted sums of ran-
dom elements in Banach spaces. In: Probability in Banach Spaces, Oberwolfach, 1975. 
Lecture Notes in Math. 526, Springer, Berlin, 1976, pp. 187-202. 
[7] P O T O C K Y , R.: A weak law of large numbers for vector lattice-valued random variables, 
Acta Math. Univ. Comenian. 4 2 - 4 3 (1983), 211-214. 
[8] P O T O C K Y , R.: A strong law of large numbers for identically distributed vector lat-
tice-valued random variables, Math . Slovaca 34 (1984), 67-72. 
[9] P O T O C K Y , R . : On the expected value of vector lattice-valued random variables, Math . 
Slovaca 36 (1986), 401-405. 
[10] SCHAEFER, H. H.: Banach Lattices and Positive Operators. Grundlehren Math . 
Wiss. 215, Springer-Verlag, Berlin-Heidelberg-New York, 1974. 
[11] SZULGA, J .: Lattice moments of random vectors, Bull. Polish Acad. Sci. Math . 28 (1980), 
87 93. 
[12] TAYLOR, R. L.: Stochastic Convergence of Weighted Sums of Random Elements in Lin-
ear Spaces. Lecture Notes in Math. 672, Springer, Berlin, 1978. 
107 
MARTA URBANIKOVA 
[13] WANG, X. C — B H A S K A R A RAO, M. : A note on convergence of weighted sums of ran-
dom variables, J. Multivariate Anal. 15, 124-134. 
Received Apríl 24, 1997 Katedra matematiky 
Revised January 3, 2001 Materiálov o-technologická fakulta STU 
Paulínska 16 
SK-917 24 Trnava 
SLOVAKIA 
108 
